We use on-shell amplitude techniques to study the possible N = 1 supersymmetrizations of Galileon theories in 3+1 dimensions, both in the limit of decoupling from DBI and without. Our results are that (1) the quartic Galileon has a supersymmetrization compatible with Galileon shift symmetry (φ → φ + c + b µ x µ ) for the scalar sector and an ordinary shift symmetry (ψ → ψ + ξ) for the fermion sector, and it is unique at least at 6th order in fields, but possibly not beyond; (2) the enhanced "special Galileon" symmetry is incompatible with supersymmetry; (3) there exists a quintic Galileon with a complex scalar preserving Galileon shift symmetry; (4) one cannot supersymmetrize the cubic and quintic Galileon while preserving the Galileon shift symmetry for the complex scalar; and (5) for the quartic and quintic Galileon, we present evidence for a supersymmetrization in which the real Galileon scalar is partnered with an R-axion to form a complex scalar which only has an ordinary shift symmetry.
Introduction and Results
Galileon theories are scalar effective field theories (EFTs) with higher derivative self-interactions of the form
where D is the spacetime dimension. The couplings g n are generally independent. The characteristic feature of these models is that despite the higher derivatives, the equations of motion are only second order. As a consequence, the Galileons have a well-defined classical field theory limit, free from Ostrogradski ghosts. This feature is strongly atypical among EFTs and make Galileons attractive for model building in cosmology and beyond. The cubic Galileon originally arose in the DvaliGabadadze-Porrati (DGP) model [1] , but Galileons appear in other contexts too, for example in modifications of gravity [2] [3] [4] . Perhaps most significantly, Galileons emerge as subleading terms on effective actions on branes [5] . Here we focus on flat branes in Minkowski space, although other embeddings are also of interest [5] [6] [7] . A flat 3-brane placed in a 4+1-dimensional Minkowski bulk will induce a spontaneous breaking of spacetime symmetry: ISO(4, 1) → ISO (3, 1) . A massless Goldstone mode φ must appear in the spectrum of the 3+1-dimensional world-volume EFT * Primary corresponding author * * Corresponding author Email addresses: elvang@umich.edu (Henriette Elvang), jonescal@umich.edu (Callum R. T. Jones), mhadjian@umich.edu (Marios Hadjiantonis), shrpar@umich.edu (Shruti Paranjape) which is physically identified with fluctuations of the brane into the extra dimension. The full ISO(4, 1) symmetry remains a symmetry of the action, and so at leading and next-to-leading order in the derivative expansion the effective action takes the form [5] 
where G is the pullback of the bulk metric onto the 3-brane world-volume. The leading term with coupling Λ 4 2 (the brane tension) gives the Dirac-Born-Infeld (DBI) action, while the remaining terms are built from the extrinsic curvature, intrinsic curvature and Gibbons-Hawking-York (GHY) boundary terms. The Λ i are in general arbitrary mass scales. The resulting action is the DBI-Galileon [5] : its leading part is DBI and the subleading terms are cubic, quartic, and quintic in φ. 1 The non-DBI interaction terms in (2) are the 4+1-dimensional Lovelock invariants that give the characteristic second-order equations of motion.
The Galileon models (1) correspond to a decoupling limit in which the 3-brane tension Λ 
are held fixed. The only part of DBI that survives is the canonical kinetic term for φ.
The Galileons and the DBI-Galileons both enjoy a non-trivial extended shift symmetry of the form
where c is a constant, b µ is a constant vector, and x µ is the spacetime coordinate. The ellipses stand for possible field-dependent terms, which will not play a role for us here. These symmetries arise from the spontaneously broken symmetry generators [6] : the constant shift from the broken bulk translation and the x µ -shift from the broken Lorentz rotation. The quartic Galileon (g 3 = g 5 = 0) is sometimes called the special Galileon [9, 10] because it has a further enhanced shift symmetry
where the constant tensor s µν is symmetric and traceless [10] . This is an accidental symmetry that occurs only in the decoupling limit from DBI.
In this paper, we address the question of supersymmetrization of Galileon theories in 3+1 dimensions, both in the context of DBI-Galileons and the decoupled Galileons. Based on the brane construction, one expects that the quartic DBI-Galileon can be supersymmetrized, in particular, there should exist an N = 4 supersymmetrization corresponding to the effective action for a D3-brane in 9+1-dimensional Minkowski space. It is less obvious that supersymmetry would survive the decoupling limit or if the cubic or quintic (DBI-)Galileons can be supersymmetrized. An explicit N = 1 superfield construction of the quartic Galileon was presented in [11] . We will construct an N = 1 quartic Galileon and comment on its uniqueness. In the literature, a supersymmetrization of the cubic Galileon was proposed, but it suffered from ghosts [12] . By a field redefinition, any cubic Galileon is equivalent to the quartic and quintic Galileon with related couplings, so we address supersymmetrization of the cubic Galileon via the quintic. Before describing our approach, let us briefly comment on the superalgebra.
Symmetry algebra
The Poincare algebra can be extended [10, 13] with the translation generator C (δ C φ = 1), the Galileon shift generator B µ (δ B φ = x µ ), and the symmetric traceless generator S µν of the special Galileon transformations (5) .
Being agnostic about the origin of a Galileon extension of the super-Poincare algebra, at the minimum we might demand the closure of the extended super-translation sub-algebra with generators P µ , Q,Q, C, and B µ (plus S µν for the special Galileon), as well as a second set of fermionic generators S andS associated with spontaneously broken supersymmetry. The latter are required by the algebra. Among the new commutator relations, we must have (schematically)
and for that reason they have received attention as models for cosmological bounces. However, without the leading DBI terms, the Galileon theories cannot arise as the low-energy limit of a UV complete theory [8] .
The last vanishing commutator follows from the fact that [S µν , Q] must be a linear-combination of fermionic generators, but there are no tensor structures available that can make it symmetric and traceless. Now, consider the Jacobi identity
The RHS vanishes, but using {Q,Q} ∼ P the LHS gives a nonvanishing linear combination of B µ -generators. Therefore the algebra does not close consistently. This indicates that there is no supersymmetrization of the special Galileon that also preserves the enhanced symmetry (5). Replacing S µν by B µ in the Jacobi identity (7) gives C on the LHS. The RHS can match this if {Q, S } ∼ C. There does not appear to be any inconsistency extending the super-translation algebra with the Galileon generators C and B µ . Indeed, such an algebra follows from the scenario of bulk supersymmetry spontaneously broken to N = 1 on the 3-brane. 3 These algebraic arguments constrain the form of the symmetry as realized on the classical fields and are suggestive but formally problematic when extended to the quantum theory. In general, spontaneously broken symmetries do not possess well-defined Noether charges as operators on a Hilbert space. 4 As demonstrated in [17] , the infinite volume improper integral of the Noether charge density operators of spontaneously broken symmetries do not converge in the weak operator topology. Furthermore, the second S -type supersymmetry is necessarily spontaneously broken and satisfies a current algebra with tensor central charges which cannot be integrated to a consistent charge algebra in infinite volume. (See [18] for a related discussion.) It is difficult to draw convincing conclusions from an algebra which formally does not exist.
Nonetheless we will find that the properties suggested by the algebraic arguments do indeed hold as properties of the scattering amplitudes and can be argued for in a mathematically satisfactory way. In the following, we outline the strategy of using on-shell amplitudes to assess the existence of effective field theories with linearly-and non-linearly realized supersymmetry. We then apply these methods to prove each of claims in the Abstract.
Approach
The precise form of the extended shift symmetry (4) is parametrization-dependent. The consequences for physical observables, however, are not. From such non-linear symmetries follow universal soft theorems which must be satisfied by all on-shell scattering amplitudes. Similarly the form of a supersymmetry transformation on the fields appearing in the effective action depends on the parametrization, but the on-shell supersymmetry Ward identities relating the scattering amplitudes do not. Both of these properties will be used to place constraints on any possible effective field theory with both Galileon extended shift symmetry and supersymmetry.
The traditional approach to the supersymmetrization of a bosonic theory is to work with the Lagrangian and either supersymmetrize the terms directly or to employ superfields. If one is not successful, it can be hard to strictly rule out the existence of supersymmetrizations. And if one is successful, can one know with certainty if the answer is unique? Finally, higher-derivative theories are haunted by questions of field redefinitions that can confuse matters of whether two Lagrangians are physically equivalent. A more systematic approach uses the methods of non-linear realizations of Callan, Coleman, Wess and Zumino [19, 20] and Volkov [21] , but these are based on specific symmetry-breaking patterns. We avoid all the above issues by addressing the question of supersymmetrizations from the point of view of on-shell amplitudes. This will allow us to give precise exclusion statements and give evidence for existence of supersymmetric Galileons.
Technical details are discussed with much further rigor in the forthcoming paper [22] , which will also include analytic results for scattering amplitudes of Galileons and their superpartners.
The evidence for new (supersymmetric) theories presented in this paper is based on on-shell amplitudes. If one engineers the associated Lagrangians, it is not clear if their equations of motion will remain second-order and hence free of Ostrogradski ghosts. This would be interesting to address in future work.
Method

Lagrangian ↔ amplitudes
If a local Lagrangian has an n-field interaction term which is not a total derivative and not proportional to the equation of motion of any of its fields, then it has an associated n-particle on-shell matrix element which has no poles, i.e. it is a polynomial in the kinematic variables. The number of independent kinematic polynomials that obey all the symmetries of the underlying theory tells us how many such independent Lagrangian terms there are. Thus, to assess if a local interaction term exists with certain symmetries, we impose these symmetry constraints on the most general ansatz for the amplitude. If no such amplitude exists, it means that no such independent local interaction term exists. If an amplitude exists, it is evidence that the theory may exist and we can further characterize the properties of the theory using explicitly computed scattering amplitudes.
Shift symmetries, such as (4), of the Lagrangian manifest themselves as Adler zeroes of the amplitudes. When a single external momentum is taken soft, p i → ǫ p i with ǫ → 0, the tree amplitude vanishes as
where σ is an integer. In particular, the ordinary shift symmetry φ → φ + c gives a soft theorem with σ = 1, the Galileon symmetry φ → φ + c µ x µ gives σ = 2, and the special Galileon shift (5) gives σ = 3.
Spinor helicity
We use spinor helicity formalism to encode particle kinematics in 3 +1 dimensions. The on-shell momenta of the external massless particles can be expressed in terms of commuting angle and square spinors |p and |p] via
Spinor indices are raised and lowered with the 2-index LeviCivita symbol, so Lorentz-invariant contractions are antisymmetric:
We note the following useful relation between Mandelstam variables and spinor brackets
When the momentum is real, angle and square spinors are related by complex conjugation. Often it is useful to analytically continue to complex momenta and the angles and squares are then independent. External line Feynman rules are also written in terms of spinor variabes. The wavefunction for a positive (negative) helicity massless fermion with momentum p is |p] (|p ). A review of spinor helicity and expressions for polarization vectors can be found in [23, 24] .
Little group scaling (|i , |i]) → (t|i , t −1 |i]) leaves the on-shell momentum invariant and the amplitude scales homogenously as A n → t −2h i A n where h i is the helicity of particle i. To avoid trivially vanishing results due to little group scaling, we take the soft limit p i → ǫ p i differently for non-negative and negative helicity particles:
We actually take the soft limit in a way that preserves momentum conservation, see [25] .
Scalar example
Let us apply this to an example to illustrate the ideas. Suppose we would like to examine the existence of quintic interaction terms with Galileon symmetry (4). Such terms would take the schematic form g∂ 2m φ 5 and the mass-dimension of the coupling therefore has to be [g] = −(2m + 1). The most general ansatz for the 5-scalar amplitude A 5 (φφφφφ) must be a Bosesymmetric degree m polynomial in the Mandelstam variables s i j (i.e. 2m in powers of momentum). It is straightforward to list the possible polynomials for small values of m:
None of these have vanishing soft limits, so there can be no quintic single scalar Lagrangians at these orders with shift symmetry.
The quintic Galileon has coupling of mass-dimension −9, i.e. m = 4, so that means the terms in the Lagrangian have 8 derivatives distributed on the 5 scalar fields. There are two polynomials that are linearly independent modulo momentum conservation, so we can write
This means that there are two independent ways that 8 derivatives can be distributed on 5 identical scalar fields in the Lagrangian and they are not related by partial integration or application of the equation of motion. For generic coefficients c 1 and c 2 , this amplitude does not go to zero when a momentum is taken soft. This only happens when c 2 = −c 1 /4, in which case one actually finds that the amplitude vanishes as O(ǫ 2 ). This solution is the unique 5-point Galileon.
Starting at 10 derivatives (coupling dimension −11), each of the five fields φ can be dressed with two or more derivatives and then invariance under (4) is trivial. The quintic Galileon is therefore rather special: it is the only quintic interaction of a single real scalar field that is non-trivially invariant under the extended shift symmetry (4).
Supersymmetry Ward identities
The supercharges Q act on the on-shell states of a chiral multiplet as
where the brackets are graded and we use the fields as shorthand to denote the on-shell states. For brevity, we use ψ andψ to denote a fermionic external state with positive and negative helicity, respectively.
The supersymmetry Ward identities follow from Q's annihilation of the vacuum, 
Supersymmetry example
The supersymmetry Ward identity for 4-particle amplitudes of a massless chiral multiplet with a complex scalar Z and a Weyl fermion ψ takes the form
To illustrate the application, consider 4-particle amplitudes with couplings of dimension −4. Four-particle tree amplitudes must be dimensionless, so a local amplitude at this order must be a linear combination of the independent 2nd order Mandelstam polynomials. Taking Bose symmetry into account, there are two possible such terms for the amplitude A 4 (ZZZZ) = b 1 t 2 + b 2 su. Only the t 2 -term is compatible with supersymmetry. To see this, let us consider the 4-fermion amplitude. Little group scaling and antisymmetry under exchanges of identical fermions tell us that A 4 (ψψψψ) must be equal to 24 [13] times a Mandelstam polynomial of degree 1 symmetric under 1 ↔ 3 and 2 ↔ 4 (the spinor brackets account for two mass-dimensions): there is only one option, namely
Now using the supersymmetry Ward identities, we find
(20) Thus we see that only the case of b 1 = −b ′ 1 and b 2 = 0 is compatible with supersymmetry. This is the unique solution that corresponds to the N = 1 supersymmetric theory of DBI coupled to Akulov-Volkov, the effective theory of Goldstinos.
Soft subtracted recursion
We use soft subtracted recursion relations to test the soft behavior. This method was introduced in [9, [26] [27] [28] [29] [30] . We outline how it works, but leave the details of our analysis for [22] .
Consider deforming the n complex external momenta p i aŝ
The shift parameters a i must be chosen subject to the constraint of momentum conservation,
As a function of these shifted momenta (which are on-shell too), we write the tree-level amplitudeÂ n (z). Consider the integral
where the contour surrounds all finite poles in the z-plane. This integral vanishes provided there are no poles at z = ∞; a sufficient condition can be stated in terms of the mass-dimensions of the couplings [g v ] that appear as vertices in the n-point amplitude [22] :
where s i ≥ 0 is the spin (not helicity) of particle i and σ i are the non-negative integers that appear in the definition of the function F(z) in (22) . If the criterion (23) holds, then the residue at z = 0, which gives the unshifted amplitude, equals minus the sum of all the other finite-z residues. These come in two classes: from simple poles in the amplitude and from the poles at z = 1/a i . The former we can calculate easily since the amplitude factorizes on its physical poles. To deal with the latter, note that taking z → 1/a i is simply a single soft limit of the shifted amplitudê A n (z) (assuming all the a i be distinct). Hence, if A n vanishes in the single soft limit at the rate σ i for particle i, there are no poles in (22) at z = 1/a i . That means the amplitude is fully constructible from its factorization into lower-point amplitudes.
The purpose of the function F(z) is to improve the large-z behavior, and this is absolutely needed in effective field theories with higher-derivative couplings.
We illustrate the method with an example. Consider again the general ansatz A 4 (ZZZZ) = b 1 t 2 + b 2 su for a complex scalar amplitude in an EFT whose quartic coupling has dimension −4. In the Lagrangian approach, one would calculate the 6-particle amplitude A 6 (ZZZZZZ) from pole diagrams with the 4-point interactions and possible 6-point contact terms in that theory. To calculate A 6 recursively, we note that it factorizes into two 4-point amplitudes A 4 (ZZZZ), so the criterion (23) is 4 − 6 − 2(−4) − 0 − 6σ = 6(1 − σ) < 0, i.e. soft subtracted recursion is valid for computation of A 6 if σ ≥ 2. Now assume that σ = 2 is a property of the 6-particle amplitude and calculate A 6 via the soft subtracted recursion relation. Note that this is the soft behavior of the complex scalar, meaning that both its real and imaginary parts are assumed to have the symmetry (4) . If the assumption of σ = 2 holds true, the recursive result for A 6 must be independent of the a i 's. 6 Hence, if a i -independence fails, the amplitude cannot have σ = 2 and therefore there cannot be a corresponding Lagrangian invariant under Galileon symmetry. For the particular case at hand, one finds that a iindependence works only when b 2 = 0. The conclusion is that there is definitively no EFT with Galileon symmetry (4) for the complex scalar when b 2 0. On the other hand, we have positive evidence in favor of such a theory whose 4-point interaction gives A 4 (ZZZZ) = b 1 t 2 . This theory is already well-known: it is the complex scalar DBI theory -and we learned previously that it is compatible with supersymmetry.
If we assume σ = 3, we will find that recursion fails (the result is a i -dependent). This tells us that (the complex scalar) DBI theory cannot be invariant under the special Galileon symmetry (5) .
To summarize, the soft subtracted recursion relations allow us to efficiently rule out existence of effective field theories with given fundamental interaction vertices and spontaneously broken symmetries. They also provide evidence (though not a proof) of existence of theories and explicit results for the scattering amplitudes.
Results I
The first step towards supersymmetry is to combine the Galileon with another scalar to form a complex scalar Z of a chiral supermultiplet. We will consider two cases in this paper. In this section, both the real and imaginary part of Z have the extended shift symmetry (4). In Sec. 4, we relax this condition.
Complex scalar quintic Galileon
Multi-scalar Galileon theories were constructed in [31] from the effective action of a 3-brane in a bulk space with n transverse directions. The actions in [31] have n scalars which are Goldstone modes of each of the spontaneously broken translational symmetries and they all have extended shift symmetry (4). The models inherit SO(n) symmetry from the bulk, in particular that means there are only even-powered interactions. This may seem to doom a quintic Galileon with more than one scalar; however, we now give evidence for the existence of a complex scalar quintic model that breaks U(1)=SO (2), but still has symmetry (4) for both real scalars.
To potentially be compatible with supersymmetry, the complex scalar 5-point amplitude must be of the form A 5 (ZZZZZ) (and its conjugate). The coupling has mass-dimension −9, and the interaction terms have 8 derivatives. Using that the 5 momenta must satisfy momentum conservation, one finds (using Mathematica to generate the polynomial basis) that there are ten independent Lorentz-invariant contractions of 8 momenta satisfying Bose symmetry under exchanges of identical states {1 ↔ 3 ↔ 5} and {2 ↔ 4}. Of these ten, nine are polynomials of degree 4 in the Mandelstam variables, whereas the tenth is parity odd and proportional to the Levi-Civita symbol.
Imposing the Galileon symmetry in the form of the required σ = 2 soft behavior of a general linear combination of these ten basis polynomials selects one unique answer:
This amplitude is equal to the real 5-point Galileon (14), however, at higher-point these models give distinct amplitudes. For example, using soft subtracted recursion relations (which are valid by (23)) to obtain the 8-point amplitudes involves 1 2 8 4 = 35 factorization diagrams for the real scalar case, while for the complex scalar case there are actually two types of 8-point amplitudes, A 8 (ZZZZZZZZ) and A 8 (ZZZZZZZZ). The former has 52 diagrams (of two different types) and the latter has 30 diagrams. We have computed these three 8-point amplitudes and verified that they are distinct. We conclude that this is significant evidence in favor of the existence of a 5-point Galileon whose complex scalar has Galileon symmetry (4) . Note that this model necessarily breaks any U(1) symmetry acting on the scalars. Next we show that this quintic model is not compatible with supersymmetry.
Quintic Galileon & supersymmetry, part 1
One necessary condition for supersymmetry is the Ward identity
The amplitude on the LHS must come from a local interaction term in the Lagrangian that arises from the supersymmetrization of the five-scalar term. So A 5 (ZZZψψ) must be local, i.e. it cannot have any poles. 7 On the other hand, the RHS of (25) will have a pole when [24] → 0 (when momenta p 2 and p 4 go collinear), unless A 5 (ZZZZZ) vanishes in that limit. One can explicitly check, using the expression (24) , that it does not. Hence we conclude that the quintic Galileon cannot be supersymmetrized while preserving the Galileon symmetry (4) for the complex scalar.
We will relax the condition of Galileon symmetry in Sec. 4.
Cubic Galileon
The only possibly non-vanishing 3-scalar amplitude in any theory of massless scalars is constant, i.e. it comes from φ 3 , and the resulting higher point amplitudes have singular soft limits. When a 3-particle amplitude vanishes, the associated cubic Lagrangian can be removed by a field redefinition. In particular, the cubic Galileon can be removed by a field redefinition of the form φ → φ + a(∂φ) 2 . This shuffles the information into 4-, 5-, and 6-point interactions. There is no independent 6th order Galileon, so this means the cubic Galileon is equivalent to a particular choice of the quartic and quintic Galileon. This remains true also when there are multiple scalars. In particular, the quintic coupling will be non-zero. From the above, we immediately conclude that the cubic Galileon cannot be supersymmetrized while preserving the Galileon symmetry (4) for the complex scalar.
Quartic Galileon & supersymmetry, part 1
Soft subtracted recursion relations with σ Z = 2 show that there is a unique complex scalar quartic Galileon whose amplitude is A 4 (ZZZZ) = g 4 stu .
We have already introduced the supersymmetry Ward identity (18) that fixes all the other 4-point amplitudes in terms of this result. Thus the 4-particle sector is unique. Using the supersymmetry Ward identities, one can show [22] that the soft behavior σ ψ of the fermion in the chiral multiplet is related to the scalar soft behavior as σ ψ = σ Z OR σ ψ = σ Z − 1. The recursion relations for A 6 (ZZZZψψ) are valid in either case (by (23) ). The condition of a i -independence passes for σ ψ = 1, but fails for σ ψ = σ Z = 2. The result that σ ψ = 1 then proves that a supersymmetrization of the quartic Galileon must have a regular shift symmetry for the fermions. Proceeding, the constructibility criterion (23) with σ ψ = 1 and σ Z = 2 shows that only amplitudes with at most a pair of fermions are constructible when based on quartic interactions with coupling dimension [g 4 ] = −6. However, at 6-point order, we can exploit the supersymmetry Ward identities to fully construct all 6-particle amplitudes in the supersymmetric quartic Galileon theory. The supersymmetry Ward identities are We use the first identity to check that the amplitudes reconstructed with soft subtracted recursion relations are compatible with supersymmetry. The second identity allows us to solve for the four-fermion amplitude, and with this result the third identity uniquely determines the 6-fermion amplitude. There are three more independent supersymmetry Ward identities: we use them as consistency checks to make sure all the 6-point amplitudes are compatible with the supersymmetry requirements. These checks all pass. We present the explicit results for the 6-particle amplitudes in [22] .
At higher point, the constructible amplitudes with at most two fermions are not sufficient to solve the supersymmetry Ward identities. In a Lagrangian construction, there may therefore be an ambiguity starting at 8th orders in the fields in terms of independently supersymmetrizable operators which must not have any components with two fermions or less; such operators will involve so many derivatives that it is trivial that they can be compatible with the Galileon symmetry (4) for the scalars and shift symmetry for the fermions.
Notice also that the constructible amplitudes satisfy the conservation of a U(1) R charge under which only the scalar Z is charged. Such a symmetry is also respected by the supersymmetrization of DBI, but given the ambiguity in the nonconstructible amplitudes the strongest statement we can say is that a supersymmetric quartic Galileon may be consistent with such a symmetry.
In conclusion, A superfield Lagrangian for N = 1 quartic Galileon was presented in [11] . We find that (up to a sign) the 4-point amplitudes computed from [11] agree with ours. Further comparisons are deferred to [22] .
Special Galileon vs. supersymmetry
The real scalar amplitudes resulting from (26) are those of the special Galileon, which has the enhanced shift symmetry (5). However, this symmetry does not carry over to the complex scalar case (i.e. it is broken by terms mixing the two scalars). This follows from using σ = 3 in the soft subtracted recursion relations: this construction A 6 (ZZZZZZ) fails a i -independence. We conclude that for the quartic Galileon, the special Galileon symmetry (5) is not compatible with supersymmetry. This is what the argument based on the algebra indicated.
Results II: Marrying Galileons and R-axions
In this section, we find evidence for N = 1 supersymmetric quartic and quintic Galileon theories in which the complex scalar Z = (φ + iχ)/ √ 2 bundles an honest Galileon φ, who enjoys extended shift symmetry (4), with a second real scalar χ, who only has regular shift symmetry. The second scalar χ is naturally identified as an R-axion and a scenario for this type of theory is partial supersymmetry breaking; this will be discussed further in [22] .
Quintic Galileon & supersymmetry, part 2
We start by writing the most general Ansatz for the amplitudes A 5 (ZZZZZ), A 5 (ZZZψψ), A 5 (Zψψψψ) and their complex conjugates. All other amplitudes must be zero for a theory compatible with supersymmetry. On this Ansatz of 122 free parameters we impose the following constraints:
• Compatibility with supersymmetry via the supersymmetry Ward identities 
• A shift symmetry for the complex field Z in the form of σ = 1 soft behavior for the amplitudes of Z.
• Galileon symmetry for the real scalar field φ in the form of σ = 2 soft behavior imposed on the linear combinations of complex-scalar amplitudes,
Imposing these constraints on our Ansatz left us with a 3-parameter family of solutions. Interestingly, this solution comes with a 'free' σ = 1 soft behavior for the fermions, that suggests that the theory is invariant under a shift of the fermions. Moreover, the five-Galileon amplitude A 5 (φφφφφ) matches the known real Galileon amplitude. In order to further constrain the solution, we consider the 7-point amplitudes of the DBI-Galileon theory. The leading order contribution to these amplitudes is proportional to the product of the DBI coupling with mass dimension −4 and the the quintic Galileon coupling with mass dimension −6; it can be reconstructed using subtracted soft recursion relations with σ φ = 2, σ χ = 1 and σ ψ = 1 if 2n χ + n f < 8, where n χ is the number of χ-external states and n f is the the number of fermionic external states. Demanding that the results of recursion are independent of the shift parameters a i uniquely fixes the parameters of our solution. The resulting scalar amplitude is (27) .
To conclude this section,
